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1. INTRODUCTION

Most materials have a positive coefficient of thermal
expansion (CTE), increasing in size when heated. CTE is
one of the fundamental characteristics of materials, very
important for engineering practice. CTE is positive due
to the asymmetry of interatomic potentials, which is true
for any type of chemical bond. The appearance of nega-
tive thermal expansion (NTE) means that there are some
features in the structure of the material that compensate
for the influence of the asymmetry of interatomic
potentials. In some complex systems, NTE arises from
lateral vibrations of the materials [1] or from low-fre-
quency rigid-unit modes [2]. The CTE of metal nanowires
can be reduced due to elastic softening of materials, as
well as due to surface stress [3]. A decrease in the CTE
can lead to NTE if the Young’s modulus of the nanowire
is sufficiently lowered, while the surface stress of the
nanowire remains sufficiently high [3].

In the review article [4] a number of different cases
leading to NTE are identified, some of which are associ-
ated with rotation of rigid polyhedral groups of atoms,
and in others transverse acoustic modes play an impor-
tant role.

With the use of molecular dynamics simulations it
was show that graphene origami structures provide tun-
able coefficients of thermal expansion from large nega-
tive to large positive [5]. The NTE behavior can emerg
as a size-reduction effect caused by the intrinsic
nanoparticles surface pressure at the nanoscale [6].

Thermal expansion of Ni nanowires electrodeposited
into self-organized nanoporous amorphous aluminum
oxide membranes without an Al substrate has been
measured using X-ray diffraction between 110 K and
350 K [7]. An average thermal expansion of the Ni
nanowires along the wire axis was found to be
-(1.6 ±1.5)×10-6 K-1.

A very low coefficient of thermal expansion can be
achieved in shape memory NiTi alloy over a wide tem-
perature span along a certain direction [8]. NTE has been
found in a number of ferromagnetic and ferrimagnetic
materials and recently even in antiferromagnetic materi-
als [9]. It has been found that the ScCo(CN)

6
 of Prussian

blue analogues has a large isotropic negative thermal
expansion in a wide temperature range from 25 K to 600
K [10]. A real-space model of atomic motion in the proto-
typical NTE material scandium trifluoride, ScF

3
, has been

developed from total neutron scattering data [11] and it

bundle can decrease with increasing temperature, which is equivalent to the effect of negative thermal expansion.
CNT diameter is analyzed. It was found that for some parameters of the model, the pressure in the CNT
model with a significantly reduced number of degrees of freedom is used for modeling. The influence of the
a constant volume for a bundle of carbon nanotubes (CNTs) considered under plane strain conditions. A chain
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has been shown that NTE in this material depends not
only on rigid unit modes of scandium octahedral, but
also on modes that distort these octahedra. A new con-
cept of “average atomic volume” has been proposed to
find new NTE open-framework materials [12] and two
NTE compounds, AgB(CN)

4
 and CuB(CN)

4
, have been

discovered. Many anomalies of the properties of water
at low temperatures and negative pressures or nitrogen
at megabar pressures and high temperatures are related
to zero and negative CTE [13].

A symmetry-motivated approach to analyzing X-ray
pair distribution functions has been used to study the
mechanism of NTE in ScF

3
 and CaZrF

6
 [14]. It has been

found that the flexibility of M-F-M linkages (M = Ca, Zr,
Sc) due to dynamic rigid scissoring modes facilitates
the observed NTE behavior.

The tolerance factor of the Ruddlesden-Popper ox-
ide Ca

2
MnO

4
 can be tuned by isovalent substitutions,

leading to the uniaxial coefficient of linear thermal ex-
pansion changing through large negative to positive
values [15]. NTE has been found in some magnetic func-
tional materials due to the magnetovolume effect [16].
Scandium fluoride (ScF

3
) is an NTE material showing a

strong lattice contraction up to 1000 K and expanding at
higher temperatures. The NTE effect in ScF

3
 has been

analyzed in the temperature range from 300 K to 1600 K
using ab initio molecular dynamics [17]. It has been
shown that the origin of the NTE in ScF

3
 is due to the

interplay between expansion and rotation of ScF
6
 octa-

hedra [17]. Anharmonic free-energy calculations based
on density functional theory have been performed to
demonstrate that the quasiharmonic approximation
breaks down for ScF

3
 and the quartic anharmonicity is

essential to reproduce the observed transition from nega-
tive to positive thermal expansion [18].

Various strategies for systematically tuning the CTE
in a diverse series of metal–organic frameworks (MOFs)
have been demonstrated [19]. NTE is a common phe-
nomenon in MOFs and the introduction of additional
linkages in a parent framework has been shown to be an
effective approach to alter the NTE behavior in MOFs
[20].

In the work [21] the two main mechanisms for iso-
tropic NTE were summarized, a combined metric of NTE
capacity was proposed, and known NTE materials were
classified according to the proposed metrics (magni-
tude and range of NTE effect).

Inelastic neutron scattering measurements have been
performed at different temperatures on a powdered sam-
ple of ZnNi(CN)

4
 to probe phonon dynamics and ex-

plain the NTE behavior of this material [22]. In the work
[23] it has been proposed that the lattice parameter is a
key element for controlling thermal expansion of a mate-

rial. The lattice parameter can be controlled through ex-
ternal pressure, chemical or other methods. The single-
well potential energy of the polyhedra rotations (or
atomic transverse vibrations) can be turned into a quartic
anharmonic potential or into a double-well potential. In
the former case the NTE is enhanced, while in the latter
case it is suppressed [23].

A model of a material consisting of interconnected
array of ring and sliding rod structures made from con-
ventional materials has been developed to model NTE,
negative moisture expansion, and negative
compressibility [24].

A new NTE compound has been found in the work
[25], FeFe(CN)

6
 Prussian blue analogue, where the aver-

age linear coefficient of thermal expansion is -4.26×10-6

K-1 in the range of temperature from 100 to 450 K. Using
different experimental techniques it has been shown that
the transverse thermal vibrations of C and N atoms are
crucial for the occurrence of the NTE of Prussian blue
analogues [25].

In this work, we consider a bundle of carbon
nanotubes (CNTs) under plane strain conditions. This
material has unusual mechanical properties, since it con-
sists of highly deformable structural elements [26-31].
The role of such elements is played by the cross-sec-
tions of CNTs, which can collapse under pressure or
perform bending vibrations excited by heating. In par-
ticular, we look at the NTE effect in this material.

2. MODEL

In this work, bundle of zigzag, single walled CNTs of the
same diameter is considered under plane strain condi-
tions, which means that the axial deformation of CNTs is
equal to zero and the problem becomes two-dimensional.
CNT cross sections create in the x,y plane a densely
packed structure, as shown in Fig. 1. Periodic boundary
conditions are applied in two directions. Computational
cell contains 12 vertical rows of CNTs with 10 CNTs in
each row. Total number of CNTs is 120.

Let = 1.418 Å is the interatomic distance in the
CNT wall. Then the distance between the nearest car-
bon atoms, in projection onto the x,y plane, will be equal
to a = 31/2/2. CNT cross section is presented by an
even number of carbon atoms N. Each atom is a member
of a rigid atomic chain normal to the x,y plane. CNT
diameter is D = a/sin(/N). For N much greater than p,
D = aN/p. The equilibrium distance between the walls of
neighboring CNTS, d, is found as a result of structure
relaxation at zero temperature. The distance between
the centers of neighboring CNTs is A=D+d.

In order to study the effect of CNT diameter, we
consider the bundles of CNTs with N=20, 30, 40, 50, 60,
and 70. In Fig. 1, a part of the computational cell is shown
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Fig. 1. Geometry of the CNT bundle under plain strain
conditions. CNTs have zigzag chirality (m,0). CNT cross
sections create a close packed molecular crystal. Each
carbon atom represents a rigid chain of atoms normal to
the x,y plane. Atoms moving on the x,y plane have two
degrees of freedom. Two sets of chains shifted with
respect to each other along z axis are plotted by smaller
and larger dots. Distance between nearest chains is a,
distance between walls of nearest CNTs is d, CNT diam-
eter is D, and the distance between centers of
neighboring CNTs is A=d+D.

for the case of N=30. Total number of atoms in the com-
putational cell is 120N.
The total energy of the system is described by the Ham-
iltonian, which includes four terms:

.
B A vdW

H K E E E     (1)

Here K is the kinetic energy, E
B
 and E

A
 give the energy

of valence bonds and valence angles, respectively. The
E

vdW
 term describes the energy of van der Waals inter-

actions. A detailed formulation of the model and de-
scription of the model parameters can be found in the

Fig. 2. Dependence of pressure on temperature for CNT
bundles of different diameters.

Fig. 3. Influence of CNT diameter on pressure at differ-
ent temperatures: 300 K (circles), 800 K (squares), and
1400 K (triangles).

work [26]. The model has been successfully used to
describe structure and peculiar mechanical properties
of CNT bundles and other carbon 2D materials [27-31].

The Euler–Lagrange  equations  of motion  can  be
derived from the Hamiltonian (1) using the Hamilton’s
principle. The equations of motion are integrated with
the use of the Störmer method of order six with the time
step of 0.1 fs.

Simulation protocol is as follows. First, CNT bundle
is relaxed at zero temperature and zero pressure. Then,
using the NVT thermodynamic ensemble, the CNT bun-
dle temperature linearly increased with time at a heating
rate of 7 K/ps. A Langevin thermostat was used to con-
trol the temperature. The volume and size of the compu-
tational cell did not change during the simulation. The
pressure was calculated as a function of temperature.

3. SIMULATION RESULTS

Fig. 2 shows the dependence of pressure p=-(
xx

+
yy

)/2
on temperature for CNT bundles made of CNTs of vari-
ous diameters. The CNT diameter is controlled by the
number N of carbon atoms in the CNT cross section.

As seen in Fig. 2, for small temperatures, CNT bun-
dles made of relatively small diameter CNTs (N=20 and
30) exhibit an increase in pressure with temperature at a
constant volume, like most materials. However, at higher
temperatures pressure starts to decrease and for N=30
becomes negative for T>800 K. Bundles made of CNTs
with N=40 and more, demonstrate pressure linearly de-
creasing with temperature. Negative pressure appears
in heated bungles, which is rather unusual and requires
an explanation. The rate of pressure decrease with tem-
perature decreases with increasing N. Thus, maximal rate
is demonstrated by the bundle made of CNTs with N=40
and at T=1400 K pressure drops down to about -12 MPa.

In Fig. 3, pressure as the function of CNT diameter,
controlled by the number of carbon atoms in CNT cross
section N is shown for three temperatures: 300 K (black
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circles), 800 K (blue squares), and 1400 K (red triangles).
All three curves have a minimum. This means that for
any temperature in the range under consideration, there
is an optimal CNT diameter, which gives the most pro-
nounced effect of negative pressure.

Snapshots of the CNT bundle structure at different
temperatures can be seen in Fig. 4. The case of N=30 is
presented. In (a), at zero temperature, CNT cross sec-
tions are close to circles. In (b), (c), and (d) the struc-
tures are presented at T=300, 800, and 1400 K, respec-
tively. With increasing temperature, the cross sections
of CNTs become more and more irregular.

4. CONCLUSIONS

The explanation of the anomalous effect manifested by
a CNT bundle, namely, the appearance of negative pres-
sure upon heating, is actually very simple. Recall that
the covalent bonds in sp2 carbon materials are very stiff
compared to the valence bond angles. This is the rea-
son for the very high tensile stiffness and low bending
stiffness of the CNT wall. Thermal energy primarily ex-
cites low-energy vibrational modes, i.e., van der Waals
modes, when CNTs vibrate as rigid bodies without in-

Fig. 4. Images of the structure of a CNT bundle at different temperatures: (a) 0 K, (b) 300 K, (c) 800 K and (d) 1400 K.
The case of N=30 is presented.

ternal deformations, and bending modes of the CNT
walls. It is also clear that the walls of large-diameter
CNTs are less rigid in bending than the walls of small-
diameter CNTs. With this in mind, the results shown in
Fig. 2 are easy to explain. For large CNT diameters
(Ne”40),  thermal energy easily causes bending of the
CNT walls, which, in turn, leads to an effective decrease
in the CNT diameter. Shrinkage of CNT cross sections
due to bending of their walls is the cause of negative
pressure. A bundle of CNTs with N=30 at low tempera-
tures (T<360 K) shows an increase in pressure with tem-
perature, but at higher temperatures the pressure be-
gins to decrease and becomes negative for T>800 K
(see Fig. 2). The same tendency, but more pronounced,
is observed for the CNT bundle in the case of N=20.
This non-monotonic dependence of pressure on tem-
perature can be explained if we take into account that
small-diameter CNTs have a higher bending stiffness
than large-diameter CNTs. Bending modes for small-di-
ameter CNTs are excited at higher temperatures, which
leads to an anomalous decrease in pressure with tem-
perature. At low temperatures, the cross sections of small
diameter CNTs vibrate like rigid rings with excitation of
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van der Waals modes, and this leads to normal behavior
when the pressure increases with temperature.

Our work can be concluded as follows. CNT bun-
dles made of CNTs of a sufficiently large diameter dem-
onstrate a negative coefficient of thermal expansion,
which in our calculations at a constant volume leads to
the appearance of negative pressure upon heating. This
is due to the weak bending rigidity of the CNT walls.
Thermal energy leads to bending of the CNT walls,
which reduces their effective diameter and creates nega-
tive pressure.
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